T+
\ v
K ‘e

“
°
>
b
L)
¢ ®

., >
1, N
¥n o>

2

\
LETE LN

Split, Republika Hrvatska. 15. travnja 2026.

prof. dr. sc. Dario Ban

Fakultet elektrotehnike, strojarstva i brodogradnje, Sveuciliste u Splitu

@
U

POVRSINE, MOMENTI I TEZISTE FOKALNOG ISJECKA ELIPSE

Osnove

Definicija za fokus elipse
(x/a)*+ (y/b)*=1

¢ = (a2- b2)03

e = c/a — ekscentricitet elipse
c=ea

tgd = y/x, za tocku T(x, y)

x =c +rcosd

y =rsinf

Osnove

Definicija za ishodiste k.s.
X = a-cost

y = b-sint

Iz jednakosti za y:

r-sin@ = b-sint

sint = r/b-sin@

r= (- P )20
r = ((a-cost - ¢)* + b*sin?f)0>

tgg=(c + r-cos@)/(rsinb)
(¢ + r-cos@?a*+ (rsind)*/b>= 1
r=a(l—e?)/(1 + e-cosH)

Povrsina isje¢ka elipse

Diferencijalni vektorski umnozak
(Op¢i Greenov teorem)
Ao = 1/2-|1[2(xdy - ydx)|
dx = -a-sint-dt
dy = b-cost-dt
Ao = 1/2-|4]2[a-cost(b-cost)-dt
- b-sint(-a-sinf)-dt]|
Ao = ab/2-|n]?(cos?t + sin?f)d|
Ao = abl2-|J2d1
Ay = ablt,- t,|/2

Ay = ab/2-|arcsin(r/bsin &)
- arcsin(#/bsin 4))|

Povrsina fokalnog isjecka elipse
AR(6) = 4o(6) — Ax(6)

Za 1 kut 4 (slika gore):

Za A(OFT):

ANO) = cyl2

Ax(O) = e-a-rsinf2

ANO) = e-a*(1 — e»)/(1 + e-cosB)-sin2

Ap= a-b/2-|arcsin(r,y/bsin &)

- arcsin(r/bsin )| -
e-al2-[rsinés - risinf]

Ar= ab/2-|arcsin(ry/bsin &)
- arcsin(r1/bsin 8))| - e-a*(1- €2)/2
-[sinG/(1 + e-cos &) - sinB/(1 + e-cos )]

Odnos izmedu fokalnog

kuta @i parametra ¢
t = arcsin(r/b-sin )

Odnos izmedu srediSnjeg
kuta @1 parametra ¢
t = arctg(a/b-tgd)

Momenti fokalnog isje¢ka elipse

Diferencijalni vektorski umnozak
MF,X(H) = MO,X(H) - MA,x
Zal kut :
My, =Aopyc
Mo, = 1/3-1J2y-(xdy - ydx)
My, = ab/3-,[2b-sint-(cos?t + sinf)dt
My = ab?/3-y[2sint-dt
Zati=0itb=t—>6,=016=6
M, = -ab*/3-(cost — cos0) = ab*/3-(1 - cos?)
Moy =ab*/3-[1 - (1 - sin?)"]
Moy = ab?/3-[1 - (1 - r¥/b*sin?6)*3]
Mo = ab*/3-[b - (b*- r*-sin?6)°3]/b
My = ab/3-[b - (b*- r*sin?6)"3]
Za A(OFT):
MA,x(g) = AA'xA,C
yac=1/3-2y:=1/3-(0+ 0 + () = 1/3-(6)
Max(0) = c-p(6)/2:1/3:3(0) = c:y*(6)/6
M, (0) = c-r*sin*(9)/6
Mp, = -ab?/3-[(b? - ry’sin? &)
+ (b2 - r2sin26,)09]
- ¢/6:[1y2sin?(6,) - ri2sin?(6))]

Mg, = -ab¥3-[(b*- ry’sin? )5
+ (b*- r%sin?6)%3]
- e-al6-[ry?sin(&) - ri%sin%(6)]

(Op¢i Greenov teorem)

MF,(60) = Mo (6) — My ,(6)

Zalkut @:

My, = Ao~ x¢

Mo, = 1/3,2x-(xdy - ydx)

My, = ab/3-,[2a-cost-(cos?t + sin?f)dt

M, = @b/3-y[Pcost-dt

Zat1:0it2:t—) 91:0i 92:0

M,,, = a’b/3-sint

My, = a*b/3-r/b-sin@ = a*r/3-sin@

Za A(OFT):

MA,J,Y(@ = AA'XA,C
Xpac=1/3-Zx;=1/3-(0 + ¢ + x(0))
xXpc=1/3:(c + ¢ + r-cos(0))

M, (6) = c-y/2-1/3-(2c + r-cos(0))

M, (6) = c-r-sin(6)-(2c + r-cos(0))/6

Mg (6) = a*>rsin@'3

- c-r-sin(6)-(2¢ + r-cos(0))/6

Mp,y, = a?/3-[rsin6, - risiné]

- ¢/6:[rsin()-(2¢ + rycos(6s))
- rsin(6,)-(2¢ + ricos(6))]

Mp,y, = a?/3-[r,sin 6, - risin 6]

- e-al6-[r,sin(6)-(2e-a + r,cos(6))
- risin(6)-(2e-a + ricos(6))]
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Primjeri proracuna povrsine isjecka elipse:

e Za kut € (od kuta 0°):

6 =0—>k=0,1t =arcsin(sin(0)) +0-7—> 1, =0
tb=0->k=0,1,2,.. > t,=t=arcsin(r/b-sin(0)) + k- x
A=abl2-\t,—t;| > A=ab/2-|t— 0| = ab/2~|t|

e Polovinaelipse: Zakut &= h=¢p =7 —> k=1
Saslikeje:r=a+ci@=x—>sin(6)=0.

Ao(6) = ab/2-[arcsin(r/b-sin(7)) + 1-z]= [arcsin(0) + 7]
AW(O)=abl2-7= ab-72

AH(6)=Ay(0) - A(O) = ab-72 - c-al2-0 = ab-71/2

o Cetvrtina elipse: Za kut 7/2: ¢, = ¢=m/2 - k=0.

Sa slike je: r=a i tan(z- 6) = b/c ili sin(x - 0) = b/a, sin(6) = bla
Ao(60) = ab/2-arcsin(a/b-b/a) = ab/2-arcsin(1) = ab/2- /2 = ab- /4
AA6)=Ay(0) - A(O) = ab-7/4 - c-a-bla/2 = ab- 14 - ¢-b/2

e Cijela elipsa: Zakut 27 ¢h = p=27— k=2.

Saslike je: r=a - cisin(6) =0.

Ao(6) = ab/2-[arcsin(r/b-sin(2 x)) + 2- z]= [arcsin(0) + 2 7]
Ao(0)=abl2-7= ab-12

A{O)=Ay(0) - A(O)=ab-7- c-al2-0=ab-




